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The behaviour of quantum systems in non-inertial frames is revisited from the point of view of
affine coherent state (ACS) quantization. We restrict our approach to the one-particle dynamics
confined in a rotating plane about a fixed axis. This plane is considered as punctured due to the
existence of the rotation center, which is viewed as a singularity. The corresponding phase space
is the affine group of the plane and the ACS quantization enables us to quantize the system by
respecting the affine symmetry of the true phase space. Our formulation predicts the appearance of
an additional quantum centrifugal term, besides the usual angular momentum one, which prevents
the particle to reach the singular rotation center. Moreover it helps us to understand why two
different non-inertial Schro¨dinger equations are obtained in previous works. The validity of our
equation can be confirmed experimentally by observing the harmonic oscillator bound states and
the critical angular velocity for their existence.
Introduction.— It is known that fictitious forces in non-
inertial frames affect the behaviour of quantum systems,
see for instance [1]. In 1979, behaviour of neutrons in
a rotating frame is experimentally measured and an in-
terference of the wave function is observed [2]. Sakurai
pointed out that this can be understood by noting the
analogy between the Coriolis force and the Lorentz force
[3]. Indeed, the one-particle classical Hamiltonian in a
rotating frame is given by
H =
1
2m
(~p+m~x× ~Ω)2 − m
2
~Ω2~x2 + V (~x) , (1)
where m, ~Ω and V (~x) are the mass of the particle, the
angular velocity of the rotating frame and the potential
energy, respectively. One can see that the non-inertial
effects are represented as shifts of momentum and poten-
tial, as it holds in the case of gauge interactions.
Afterwards, various approaches were proposed to de-
rive the corresponding modified Schro¨dinger equation,
but most of the derivations are of phenomenological na-
ture [4–6]. In the different approach of Ref. [7], the con-
cept of the Galilean covariance is extended. In Ref.
[8], a stochastic generalization of the variational calcu-
lus is applied. Whatever the differences between these
approaches, the obtained results are compatible.
More recently, another non-inertial Schro¨dinger equa-
tion, based on cocycle Galileo group representation the-
ory, has been presented by Klink and Wickramasekara
[9]. In this approach, non-inertial frames are represented
as the Galilei line group and the quantized Hamiltonian
is defined as the generator of time translations in this
group. The derived equation, however, has a new term
associated with the acceleration of the rotating frame
and different coefficients from the equation obtained in
the previous approaches.
Nevertheless, none of the above mentioned works take
really into account the fact that, for example, the two-
dimensional configuration space has a singular point at
which the rotation axis intersects with the plane. At the
singular point, we cannot consider a finite angular ve-
locity and thus quantum observables are not well-defined
there. Such a modification of the geometry can raise diffi-
culties, like the non-existence of essential self-adjointness
[10], on the level of quantum observables which are is-
sued from a quantization based on the (canonical) Weyl-
Heisenberg or more sophisticated Galilean symmetry of
the classical phase space. Since the existence of the singu-
lar point breaks this symmetry, it is reasonable to use an
alternative quantization which respects the affine symme-
try of the true phase space, namely the geometry R2∗×R2,
where the notation R2∗ stands for the configuration punc-
tured plane. Precisely, this manifold is identified with
the 2D affine group SIM(2), and the relevant quantiza-
tion is based on the resolution of the identity by SIM(2)
coherent states, i.e. states obtained from the action on
a “fiducial vector” of a unitary irreducible representa-
tion (UIR) of SIM(2). This is called affine coherent state
(ACS) quantization, whose the formulation is developed
below. More general affine covariant integral quantiza-
tions of the motion on the half-line and punctured plane
are discussed in Ref. [11].
Accordingly, we study in this work the non-inertial
quantum dynamics by emphasizing the role of symmetry
2resulting from the point singularity, by applying the ACS
quantization to a particle moving in the rotating plane.
For the sake of manageable illustration, we specify the
model (1) with an isotropic harmonic potential. Then
we find that quantum fluctuations qualitatively modify
the behavior of the centrifugal force and the value of the
critical angular velocity of the rotating frame which char-
acterizes the maximum angular velocity to have bound
states. The former, the additional quantum centrifugal
term, can be experimentally verified by observing the en-
ergy spectrum of the bound states. Moreover, our formu-
lation helps us to understand why we had two different
non-inertial Schro¨dinger equations, Refs. [1, 4–8] and Ref.
[9]. In the following, natural units ~ = 1 = c are used.
Quantization with affine coherent states.— An affine
transformation of the plane is denoted by (a, θ,~b), where
a > 0, 0 ≤ θ < 2π and ~b ∈ R2 represent the parameters
of dilatation, rotation, and translation, respectively. It
acts on a vector ~r as
(a, θ,~b)~r = aR(θ)~r +~b , (2)
where R(θ) is the two-dimensional rotation matrix,
R(θ) =
(
cos θ − sin θ
sin θ cos θ
)
. (3)
Viewing (a, θ) as polar coordinates in the punctured
plane R2∗, the parameter space is R
2
∗ × R2. The affine
group law is found through two successive actions of the
affine transformations as
(a, θ,~b)(a′, θ′, ~b′)~r = (aa′, θ + θ′, aR(θ)~b′ +~b)~r , (4)
with group identity (1, 0,~0) and inverse (a, θ,~b)−1 =
(a−1,−θ,−a−1R(−θ)~b). Considering integration on the
parameter space of this two dimensional 2D-affine group
SIM(2), then the left invariant measure is given by
dLg =
1
a3
dadθd2~b . (5)
Let us consider the motion of a particle with massm in
a plane in rotation about the origin of an inertial plane.
The phase-space variables for this motion are given by
the position ~q and momentum ~p, which are defined in
the domains ~q ∈ R2∗ and ~p ∈ R2, respectively. Since
the point ~q = 0 is deleted from the domain of definition
of the position in the rotating frame, these phase-space
variables can be identified with the above parameters of
SIM(2) as
|~q| ≡ q = a−1, ~q = (q cos θ, q sin θ), ~p = ~b . (6)
Consequently, the canonical phase space measure is the
left invariant measure (5) on SIM(2), d2~q d2~p = dLg.
The 2D-affine group SIM(2) described with the above
(~q, ~p) parameters has a UIR defined in the Hilbert space
H := L2(R2∗, d2~x) as
ψ(~x) 7→ (U(~q, ~p)ψ)(~x) = e
i~p·~x
q
ψ
(
R(−θ)~x
q
)
. (7)
It allows to build the family of states |~q, ~p〉ψ as
〈~x|~q, ~p〉ψ ≡ (U(~q, ~p)ψ)(~x) . (8)
The properties of U entail the overcompleteness of these
states, i.e, they solve the identity in H,
1
4π2cψ
∫
SIM
d2~q d2~p |~q, ~p〉ψψ〈~q, ~p| = I , (9)
provided that ψ is admissible in the following sense
cψ :=
∫ 2π
0
dθ
∫ ∞
0
dq
q
|ψ (~q)|2 <∞ . (10)
Note that if we perform the dilation q 7→ κq with κ >
0, the resolution of the identity still holds with the “κ-
states” |κ~q, ~p〉ψ and the same cψ. The states |~q, ~p〉ψ are
named affine coherent states.
In the ACS quantization, the operator Aˆf correspond-
ing to a classical observable or c-number f(~q, ~p) is defined
by
Aˆf ≡ 1
4π2cψ
∫
G
d2~q d2~p f(~q, ~p)|~q, ~p〉ψψ〈~q, ~p| . (11)
If f is real-valued, the map f 7→ Aˆf yields a symmet-
ric operator, and if f is semi-bounded, Aˆf is essentially
self-adjoint. The strongest argument in favour of our
quantization scheme holds in the fact that it respects the
affine symmetry of the phase space, i.e., it is covariant in
the following sense
U(~q, ~p)Af U
†(~q, ~p) = AU(~q,~p)f , (12)
where (U(~q, ~p)f) (~q′, ~p′) := f
(
(~q, ~p)−1(~q′, ~p′)
)
represents
the classical affine symmetry as which the choice of origin
((1, 0),~0) in the phase space is arbitrary. Moreover, the
possibility of working in Eq. (11) with the κ-states, or
taking profit of the arbitrariness of the fiducial vector
or “wavelet” ψ with finite cψ allows to adjust the free
scaling parameters appearing in the expression of Af in
order to match experimental observations.
Three fundamental quantization formulae.— Our pur-
pose is the quantization of the standard classical Hamil-
tonian of the form ~p 2+ ~p · ~A(~q)+V (~q), like (1), by using
the above procedure. Hence a few explicit formulae are
needed. For the sake of simplicity, we will pick real-
valued fiducial vector ψ with finite cψ.
The ACS quantization of u (~q), which is a function only
of ~q, is the multiplication operator in H
(I) Aˆuφ(~x) =
1
cψ
(|ψ|2 ∗aff u) (~x)φ(~x) , (13)
3where the (commutative) affine convolution is used,
(f1 ∗aff f2) (~x) :=∫ 2π
0
dφ′
∫ ∞
0
dx′
x′
f1
(
~x′
)
f2
(
R(−φ′) ~x
x′
)
,
(14)
with ~x ′ = (x′ cosφ′, x′ sinφ′). In particular, with the
simple power isotropic case, Aˆqβ = dβ−1qˆβ , where
qˆφ(~x) = xφ(~x) and
ds :=
∫
R2
∗
d2~q
qs+3
|ψ(~q)|2. (15)
In a similar fashion, the ACS quantizations of ~p and
~p 2 are, respectively,
(II) Aˆ~pφ(~x) = −i∇~xφ(~x), (16)
and
(III) Aˆp2 φ(~x) =
[
−∇2~x +
σ
qˆ2
]
φ(~x) , (17)
where
σ =
1
cψ
∫
R2
∗
d2~q |∇~qψ (~q)|2 . (18)
We see that a repulsive term ∝ 1/|~x|2 is obtained with
strength σ > 0. In a semi-classical interpretation, this
extra centrifugal term prevents the particle to reach the
singular point, whatever the value of its angular momen-
tum. With a suitable choice of ψ, we can make this
coefficient large enough, namely σ ≥ 1 [10, 12, 13], to
make (17) an essentially self-adjoint kinetic operator, i.e.
no boundary condition is needed.
Moreover, the ACS quantization respects the canoni-
cal commutation rule since we have, from (13) and (16),
[qˆi, pˆj] ∝ iδijI, i, j ∈ {x, y}, where the proportionality
constant can be adjusted to one through a suitable choice
of a non-isotropic |ψ|. As an example of such a ψ, con-
sider
|ψ(~q)|2 = f(θ) g(q), (19)
where f(θ) and g(q) are positive and real functions, sat-
isfying∫ 2π
0
dθ sin θf(θ) = 0
∫ 2π
0
dθ cos θf(θ) > 0 .
For instance, with f(θ) = π(cos θ + 1)/2, we have cψ =
π2
∫∞
0
dqg(q)/q, which imposes g(0) = 0. We then find
for the quantum position vector and the canonical com-
mutation rule,
Aˆ~q = N0~ˆq , [qˆi, pˆj ] = iδijN0I (20)
and for the quantum version of the angular momentum
L = qxpy − qypx,
(AˆLφ)(~x) = −iN0∂θφ(~x) , ~x ≡ (x, θ) . (21)
The constant N0 is part of the set
Ns = ds
2cψ
=
ds
2d−1
, ds = π
2
∫ ∞
0
dq
qs+2
g(q) . (22)
Note that we can set N0 = 1 by choosing g appropri-
ately or using κ−states. However, for the sake of the
comparison with the result of Ref. [9], we leave it as a
parameter.
For the quantization scheme of the present model fol-
lowing the usual Weyl-Heisenberg framework, see for in-
stance [12].
ACS Quantization in rotating frame.— Let us illus-
trate our formalism with the basic situation of a rotating
frame about a constant axis. The classical Hamiltonian
for a particle is given by Eq.(1) where we choose the
z-axis orthogonal to the rotating plane and ~Ω = Ω~ez.
Here, ~ez is the unit vector for the z-axis and Ω can be
a function of time. For the potential, we consider the
harmonic V (~x) = mω2~x 2/2. The quantum version AH
yielded by the above ACS quantization governs the fol-
lowing Schro¨dinger equation in the rotating frame
i∂tφ(~x, t) =

 1
2m
(
− 1
c2ψ
∇2~x + ~A(~x)
)2
+
+A0(~x) +N1mω2|~x|2
]
φ(~x, t) , (23)
where
A0(~x) = −m
2
Ω2N 20 |~x|2 +
σ
2m|~x|2 ,
~A(~x) = mN0~x× ~Ω .
In this derivation, we used Eq. (19).
We stress again on the fact that the appearance of the
“sigma quantum centrifugal term”, or more simply σ-
term, σ/(2m|~x|2) is a permanent issue of our ACS quan-
tization since σ > 0 for any admissible and differentiable
ψ such that the integral in (18) converges. Such a term
adds the angular momentum repulsive one, and plays the
role of a centrifugal force which pushes the particle out-
ward from the rotation axis. It regularizes the existing
point singularity due to rotation. In the following, we
choose ψ such that cψ = 1.
Now, the Schro¨dinger equation (23) has still various
coefficients which depend on a given form of the affine
coherent state. When we choose ψ so that (N0,N1) =
(1, 1/2), then the two fields A0 and ~A reproduces the
gauge field corresponding to the classical Hamiltonian
(1), at the exception of the σ-term. That is, without this
term, our result coincides with those of Refs. [1, 4–8].
On the other hand, if we choose (N0,N1) = (2, 1/2)
and ignore the σ-term, then Eq. (23) agrees with the re-
sult in Ref. [9] neglecting the angular acceleration term.
Therefore, from the point of view of the ACS quantiza-
tion, a part of the differences in the two previous non-
4inertial Schro¨dinger equations is attributed to the differ-
ent choices of the fiducial vector ψ (or g in the particular
case (19)).
Spectrum and eigenfunctions— The crucial question
about the validation of our result with regard to the ex-
isting approaches concerns the appearance of the σ-term,
even in the absence of quantum angular momentum. As
a matter of fact, the existence of such a term could be
confirmed experimentally. To be more precise with our
simple model (23), let us analyze its stationary states. It
is well known that the problem is analytically solvable,
and eigenfunctions are calculated as
φn,l(~x) ∝ L(
√
σ+l2)
n (r
2)r
√
σ+l2e−r
2/2 ei(l+ς)θ
(n = 0, 1, · · · , l = 0,±1, · · · , ς ∈ [0, 1)) , (24)
where r = |~x|/l0 with l0 = (4N1M2ω2)−1/4. L(β)n (x)
is the associated Laguerre (or Sonine) polynomial. The
parameter ς is the quasiperiodicity parameter introduced
by Kowalski et al. in [12] (noted θ in their paper), which
is allowed by the topology of the punctured plane. Then
the corresponding eigenvalues read
En,l =
ω
√
2N1
(
2n+ 1 +
√
σ + (l + ς)2 − N0
2
√N1
Ω
ω
l
)
.
(25)
Imposing time-reversal symmetry [12] restricts ς to as-
sume two values only, namely 0 and 1/2. To simplify, let
us impose here ς = 0. To verify the value of σ, we should
observe the l dependence of the energy spectrum: if it
deviates from linear dependence on l, it is an evidence of
a finite σ.
Quantum effect on Critical Angular Velocity.— Note
that the above eigenvalue does not have lower bound for
large enough angular velocity of the rotating frame. This
corresponds to the fact that there does not exist bound
state if the angular velocity exceeds a critical value. In
fact, the corresponding classical equations of motion are
given by
Mq¨x = 2MΩq˙y −M(ω2 − Ω2)qx, (26)
Mq¨y = −2MΩq˙x −M(ω2 − Ω2)qy. (27)
The first terms on the right-hand side are the Coriolis
forces. One can see that the harmonic potential is modi-
fied by the (classical) centrifugal force and the magnitude
Ω of the angular velocity of the rotating frame should be
smaller than ω to have bound states. That is Ωcri = ω
in the classical case.
This critical angular velocity is generally affected by
quantum fluctuations. In fact, for Eq. (25) to have
bounded eigenvalues for any l, the following inequality
should be satisfied,
Ω <
2
√N1
N0 ω. (28)
When we choose (N0,N1) = (1, 1/2) so as to reproduce
the results in Refs. [4–8] at the exception of the σ-term,
Ω can be larger than the maximum value in the classical
case and the critical value is given by Ωcri =
√
2ω. On
the other hand, when we choose (N0,N1) = (2, 1/2) to
reproduce Ref. [9], Ωcri = ω/
√
2. Note that these critical
values are independent of the σ-term but our fiducial
vector ψ is choosen to have σ ≥ 1 in order to avoid the
introduction of any boundary condition.
Therefore, the validity of the above two results issued
from the ACS quantization can be verified by analyzing
the critical angular velocity.
Concluding remarks.— We have favoured the ACS
quantization over the Weyl-Heisenberg-based canonical
quantization in any circumstance where the configura-
tion space for the classical model is the punctured plane.
Our choice is motivated by the symmetry of the corre-
sponding phase space. Two remarkable features arise
from our approach. On one hand, the inescapable ap-
pearance of the σ-term which prevents the particle to
reach the singular point, combined with the freedom to
adjust its strength to observations of the energy spec-
trum of the bound states. On the other hand, a possible
rescaling and smoothing of multiplication operators is-
sued from classical functions on the plane, also combined
with the freedom to adjust strengths and shapes to obser-
vations of the critical angular velocity. These latitudes
are due to the infinite range of admissible ψ, and also
help us to understand why we had two different non-
inertial Schro¨dinger equations. Actually, the choice can
be even enlarged by using all resources of affine integral
quantization, as is explained in Ref. [11]. One should not
be reluctant to take advantage of such a freedom since
most of the quantum models are effective. Think for in-
stance to Morse or Lennard-Jone, or others, in Molecu-
lar Physics, or effective interactions in Condensed Matter
Physics. After all, the main constraint to be respected is
the agreement of the quantum Hamiltonian in Eq. (23)
to experimental observation. The classical Hamiltonian
(1) might be viewed as a sketch for building its quantum
counterpart through the map f 7→ Aˆf in (11).
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